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J-HOLOMORPHIC CURVES AND DIRAC-HARMONIC MAPS
M. J. D. HAMILTON
ABSTRACT. Dirac-harmonic maps are critical points of a fermionic action func-
tional, generalizing the Dirichlet energy for harmonic maps. We consider the
case where the source manifold is a closed Riemann surface with the canonical
Spinc-structure determined by the complex structure and the target space is a
Ka¨hler manifold. If the underlying map f is a J-holomorphic curve, we deter-
mine the space of spinors on the Riemann surface which form Dirac-harmonic
maps together with f . For suitable complex structures on the target manifold the
tangent bundle to the moduli space of J-holomorphic curves consists of Dirac-
harmonic maps.
1. INTRODUCTION
We briefly recall the definition of Dirac-harmonic maps (see [8, 9] and Section
2 for more details). Let (Σ, h) and (M,g) be Riemannian manifolds, where Σ is
closed and oriented, and f : Σ → M a smooth map. We assume that Σ is a spin
manifold and choose a spin structure s with associated complex spinor bundle S.
We can then form the twisted spinor bundle S⊗f∗TM of spinors onΣwith values
in the pullback f∗TM . The Dirac operator
Df : Γ(S ⊗ f∗TM) −→ Γ(S ⊗ f∗TM)
ψ 7−→ Dfψ
is determined by the Levi–Civita connections on Σ andM .
Dirac-harmonic maps (f, ψ), where ψ ∈ Γ(S ⊗ f∗TM), are solutions of the
following system of coupled equations [8, 9]:
τ(f) = R(f, ψ)
Dfψ = 0.
(1.1)
Here τ(f) ∈ Γ(f∗TM) is the so-called tension field of f (cf. [12] and Definition
6.1). The curvature term R(f, ψ) is determined by the curvature tensor R of the
Riemannian metric g on M and an algebraic expression in the differential df and
the spinor ψ ( linear in df and quadratic in ψ); see Section 5 for the definition.
The system of equations (1.1) for Dirac-harmonic maps makes sense more gen-
erally if we replace the spin structure s by a Spinc-structure sc and consider twisted
spinors ψ ∈ Γ(Sc ⊗ f∗TM), where Sc is the complex spinor bundle associated to
s
c. For the definition of the Dirac operator
Df : Γ(Sc ⊗ f∗TM) −→ Γ(Sc ⊗ f∗TM)
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one has to choose (in addition to the Riemannian metrics h and g) a Hermitian
connection on the characteristic complex line bundle of sc. We assume throughout
that such a choice has been made and fixed (in most of the cases we discuss there
is a canonical choice of such a connection, determined by the Riemannian metric
h).
Every almost Hermitian manifold (Σ, j, h) has a canonical Spinc-structure sc
whose associated spinor bundle Sc = Sc+ ⊕ Sc− is the direct sum of the positive
and negative Weyl spinor bundles
Sc+ = Λ0,even
Sc− = Λ0,odd.
We focus on the special case where (Σ, j, h) is a closed Riemann surface, so that
Sc+ = Λ0,0 = C
Sc− = Λ0,1 = K−1.
The Levi–Civita connection ∇h induces a spin connection on Sc with Dirac oper-
ator
D : Γ(Sc±) −→ Γ(Sc∓)
equal to the classical Dolbeault–Dirac operator
√
2(∂¯ + ∂¯∗).
Suppose that (M2n, J, g, ω) is an almost Hermitian manifold with a Hermitian
connection ∇M and f : Σ → M a smooth map. We first derive a formula for the
twisted Dirac operator
Df : Γ(Sc± ⊗ f∗TM) −→ Γ(Sc∓ ⊗ f∗TM).
Proposition 1.1. The Dirac operator Df is equal to the Dolbeault–Dirac operator
√
2(∂¯∇f + ∂¯
∗
∇f
).
The Hirzebruch–Riemann–Roch theorem implies for the index
indCD
f = n(1− gΣ) + c1(A),
where gΣ is the genus of Σ, A = f∗[Σ] ∈ H2(M ;Z) is the integral homology class
represented by Σ under f and c1(A) = 〈c1(TM), A〉.
We then restrict to the case where (M,J, g, ω) is Ka¨hler, ∇M = ∇g the Levi–
Civita connection and f : Σ → M a J-holomorphic curve. In this case, the Dol-
beault operator ∂¯∇f is equal the linearization Df ∂¯J of the non-linear Cauchy–
Riemann operator ∂¯J in f . In particular, the kernel of D
f is given by
kerDf = ker ∂¯∇f ⊕ ker ∂¯∗∇f
∼= DefJ(f)⊕ObsJ(f),
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where
DefJ(f) = kerDf ∂¯J
ObsJ(f) = cokerDf ∂¯J
are the deformation and obstruction space for the J-holomorphic curve f . This
implies:
Theorem 1.2. Let f : Σ→M be a J-holomorphic curve and ψ ∈ Γ(Sc⊗f∗TM).
Then (f, ψ) is a Dirac-harmonic map if and only if ψ is harmonic, i.e. ψ ∈ kerDf ,
where
kerDf = ker ∂¯∇f ⊕ ker ∂¯∗∇f
∼= DefJ(f)⊕ObsJ(f).
The complex structure J induces a complex structure on the vector space kerDf
and
dimC kerD
f ≥ indCDf = n(1− gΣ) + c1(A)
with equality if and only if ObsJ(f) = 0, i.e. (f, J) is regular.
For a classA ∈ H2(M ;Z)we denote byM(A, J) the space of all J-holomorphic
curves f : Σ→M with f∗[Σ] = A. We then have:
Corollary 1.3. Let A ∈ H2(M ;Z) and suppose that (f, J) is regular for all f ∈
M(A, J). Then the moduli spaceM(A, J) is a smooth manifold (possibly empty)
of real dimension
dimM(A, J) = 2indCDf = n(2− 2gΣ) + 2c1(A).
Every element (f, ψ) ∈ TM(A, J) of the tangent bundle of the moduli space is a
Dirac-harmonic map.
We also discuss a generalization to twisted Spinc-structures Sc⊗L with a holo-
morphic line bundle L → Σ. For L = K 12 this includes the case of the spinor
bundle S = Sc ⊗K 12 of a spin structure s.
Dirac-harmonic maps (f, ψ) from surfaces Σ with a spin structure to Riemann-
ian target manifolds M have been constructed before. We summarize some of the
results in [2, 3, 9, 10, 19, 23, 24, 26].
Examples of Dirac-harmonic maps with Σ = M = S2 were constructed in [9]
using twistor spinors on S2. In [19] the twistor spinor method was generalized
to arbitrary Riemann surfaces Σ and Riemannian manifolds M . In [26] and [10]
it was shown that all Dirac-harmonic maps with target M = S2 and source Σ of
genus gΣ, so that |deg(f)| + 1 > gΣ, can be obtained using the twistor spinor
construction from [9, 19] (see also [23]).
Dirac-harmonic maps from spin Ka¨hler manifolds to arbitrary Ka¨hler manifolds
were studied in [24]. We consider in Example 6.14 the special case in [24] of
Dirac-harmonic maps from Riemann surfaces Σ with a spin structure to Ka¨hler
manifoldsM where the underlying map f is a J-holomorphic curve.
Existence results for Dirac-harmonic maps related to the the α-genus α(Σ, s, f)
for a spin structure s on Σ were discussed in [2]. Section 10.1 in [2] contains
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several results for Dirac-harmonic maps from surfaces to Riemannian manifolds
M of dimension ≥ 3. In [3] Dirac-harmonic maps from surfaces to Riemannian
manifolds were constructed with methods related to an ansatz in [19].
In [14, 15, 16] another fermionic generalization of J-holomorphic curves was
studied (see Remark 6.12 for a brief discussion of the relation to Dirac-harmonic
maps).
Conventions. In the following, all Riemann surfaces Σ are closed (compact and
without boundary), connected and oriented by the complex structure. For Rie-
mannian metrics h on Σ and g on M we denote by ∇h and ∇g the Levi–Civita
connections.
2. SOME BACKGROUND ON DIRAC-HARMONIC MAPS
Recall that harmonic maps f : Σ → M from a closed, oriented Riemannian
manifold (Σ, h) to a Riemannian manifold (M,g) are smooth maps, defined as the
critical points of the Dirichlet energy functional [12]
L[f ] =
1
2
∫
Σ
|df |2 dvolh,
where df is the differential of f and |df |2 is the length-squared determined by the
metrics h and g. The Euler–Lagrange equation for stationary points of L[f ] under
variations of f is
τ(f) = 0,
where τ(f) is the tension field
τ(f) = trh(∇fdf).
Here df is considered as an element of Ω1(f∗TM) and the connection ∇f on the
vector bundle f∗TM → Σ is induced from the Levi–Civita connection ∇g.
Suppose that Σ is a spin manifold and let s be a spin structure on Σ with as-
sociated complex spinor bundle S and twisted spinor bundle S ⊗ f∗TM . The
Levi–Civita connection on Σ and the connection ∇f on f∗TM yield a Dirac oper-
ator
Df : Γ(S ⊗ f∗TM) −→ Γ(S ⊗ f∗TM)
ψ 7−→ Dfψ.
Dirac-harmonic maps (f, ψ) are defined as the critical points of the fermionic ac-
tion functional [8, 9]
L[f, ψ] =
1
2
∫
Σ
(
|df |2 + 〈ψ,Dfψ〉
)
dvolh. (2.1)
A pair (f, ψ) is Dirac-harmonic if and only if it is a solution of the following system
of coupled Euler–Lagrange equations:
τ(f) = R(f, ψ)
Dfψ = 0.
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Dirac-harmonic maps are generalizations of harmonic maps: For the trivial spinor
ψ ≡ 0, the curvature termR(f, ψ) vanishes identically and the system of equations
(1.1) reduces to the equation
τ(f) = 0,
i.e. (f, 0) is Dirac-harmonic for any harmonic map f .
The fermionic action functional (2.1) is motivated by theoretical physics: Sup-
pose that Σ is 2-dimensional and h, g Lorentzian metrics. The Dirichlet energy
L[X] for smooth maps X : Σ → M is (up to a normalization constant) the non-
linear σ-model action for bosonic strings propagating in (M,g), cf. [7].
The functional L[X,ψ] for Dirac-harmonic maps is part of the supersymmetric
non-linear σ-model action [1]: Choosing coordinates {xµ} on an open subset U ⊂
M we can write every spinor ψ ∈ Γ(S ⊗ f∗TM) on U˜ = f−1(U) as
ψ =
∑
µ
ψµ ⊗ f∗∂µ, with ψµ ∈ Γ(U˜ , S).
The spinors ψµ are the fermionic superpartners of the scalar fieldsXµ ∈ C∞(U˜ ,R),
which are the coordinate fields of the mapX (in physics, the spinors ψµ take values
in a Grassmann algebra).
In the supersymmetric non-linear σ-model action in [1] there is an additional
curvature term which is determined by the curvature tensor R of g and of order 4
in the spinor ψ (cf. [11]). The full action for superstrings contains also a gravitino
χ, the superpartner of the metric h. This action was studied from a mathematical
point of view in [18].
Both actions L[X] and L[X,ψ] are invariant under conformal changes of h (for
dimΣ = 2).
3. Spinc-STRUCTURES ON RIEMANN SURFACES
We discuss some background material on Spinc-structures on Riemann surfaces
(more details can be found in [17], [5], [13], [20]).
Let (Σ, j, h) be a closed Riemann surface with complex structure j and com-
patible Riemannian metric h. The canonical Spinc-structure sc on Σ has spinor
bundles
Sc+ = Λ0,0 = C
Sc− = Λ0,1 = K−1,
where C is the trivial complex line bundle and K−1 is the anti-canonical line bun-
dle. The spaces of smooth sections are
Γ(Sc+) = C∞(Σ,C)
Γ(Sc−) = Ω0,1(Σ).
We briefly recall the construction of these bundles to fix notation: The almost
complex structure j on TΣ extends canonically to a complex linear isomorphism
on TCΣ = TΣ⊗C and we decompose
TCΣ = T 1,0 ⊕ T 0,1
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into the complex (+i)- and (−i)-eigenspaces of j. The dual space (TCΣ)∗ of
complex linear 1-forms on TCΣ then decomposes into
(TCΣ)∗ = Λ1,0 ⊕ Λ0,1,
where Λ1,0 and Λ0,1 are the spaces of complex linear 1-forms on T 1,0 and T 0,1.
We have
α ◦ j = iα ∀α ∈ Λ1,0
β ◦ j = −iβ ∀β ∈ Λ0,1.
If τ ∈ (TCΣ)∗ is a 1-form, then its decomposition
τ = τ1,0 + τ0,1
into (1, 0)- and (0, 1)-components is given by
τ1,0 =
1
2
(τ − iτ ◦ j)
τ0,1 =
1
2
(τ + iτ ◦ j).
Let (e1, e2) with e2 = je1 be an h-orthonormal basis of TΣ in a point p ∈ Σ. Then
ǫ =
1√
2
(e1 − ie2) ∈ T 1,0
ǫ¯ =
1√
2
(e1 + ie2) ∈ T 0,1
are basis vectors of T 1,0 and T 0,1. We extend the dual real basis (e∗1, e
∗
2) of T
∗Σ to
a basis of complex linear 1-forms of (TCΣ)∗. Then
κ =
1√
2
(e∗1 + ie
∗
2) ∈ Λ1,0
κ¯ =
1√
2
(e∗1 − ie∗2) ∈ Λ0,1
are the dual basis vectors of Λ1,0 = K and Λ0,1 = K−1. It follows that any
element β ∈ Λ0,1 can be written as
β =
√
2β(e1)κ¯. (3.1)
The spinor bundle Sc has a Clifford multiplication
γ : TΣ× Sc± −→ Sc∓
(v, ψ) 7−→ γ(v)ψ = v · ψ,
that satisfies the Clifford relation
v · w · ψ + w · v · ψ = −2h(v,w)ψ.
For φ ∈ C = Λ0,0 Clifford multiplication is given by
e1 · φ = φκ¯
e2 · φ = iφκ¯.
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For β ∈ K−1 = Λ0,1 Clifford multiplication is given by
e1 · β = −β(ǫ¯)
e2 · β = iβ(ǫ¯).
The decomposition of the differential
d : C∞(Σ,C) −→ Ω1(Σ,C)
into (1, 0)- and (0, 1)-components is denoted by
∂φ = (dφ)1,0
∂¯φ = (dφ)0,1.
In particular, the Dolbeault operator
∂¯ : C∞(Σ,C) −→ Ω0,1(Σ)
is given by
∂¯φ =
1
2
(dφ+ idφ ◦ j).
The formal adjoint is denoted by
∂¯∗ : Ω0,1(Σ) −→ C∞(Σ,C).
The Levi–Civita connection ∇h of the Riemannian metric h satisfies ∇hj = j∇h
and induces a connection onK−1 and thus a Hermitian connection on Sc, compat-
ible with Clifford multiplication. We consider the associated Dirac operator
D : Γ(Sc±) −→ Γ(Sc∓).
Lemma 3.1 (cf. [17]). The Dirac operator D is equal to the Dolbeault–Dirac
operator √
2(∂¯ + ∂¯∗).
The Riemann–Roch theorem implies for the index
indCD = 1− gΣ,
where gΣ is the genus of Σ.
Proof. Let φ ∈ C∞(Σ,C) be a positive spinor. On C∞(Σ,C) the connection is just
the differential d, hence
Dφ = e1 · dφ(e1) + e2 · dφ(e2)
= (dφ(e1) + idφ(e2))κ¯
= 2∂¯φ(e1)κ¯
=
√
2∂¯φ,
where the last step follows from equation (3.1). Thus
D : C∞(Σ,C) −→ Ω0,1(Σ)
φ 7−→
√
2∂¯φ.
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Since the Dirac operator is formally self-adjoint, it follows that
D : Ω0,1(Σ) −→ C∞(Σ,C)
β 7−→
√
2∂¯∗β.

Remark 3.2. Riemann surfaces are spin, hence we can choose a spin structure s
on Σ, which is equivalent to the choice of a holomorphic square root K
1
2 of the
canonical bundle K (see [4], [17]). The spinor bundles of s are
S+ = K
1
2
S− = K−
1
2
and the spinor bundle of the canonical Spinc-structure is obtained by twisting
Sc = S ⊗K− 12 .
Remark 3.3. Let L→ Σ be a complex line bundle with a Hermitian bundle metric.
Then there is a twisted Spinc-structure sc ⊗ L with spinor bundles
Sc+ ⊗ L = L
Sc− ⊗ L = K−1 ⊗ L.
A connection ∇B on L, compatible with the Hermitian bundle metric, together
with the Levi–Civita connection ∇h yield a connection on Sc ⊗ L with Dirac op-
erator
DB : Γ(S
c± ⊗ L) −→ Γ(Sc∓ ⊗ L).
With the Dolbeault operator
∂¯B : Γ(L) −→ Ω0,1(L)
φ 7−→ 1
2
(∇Bφ+ i∇Bφ ◦ j)
the Dirac operator DB is equal to the Dolbeault–Dirac operator√
2(∂¯B + ∂¯
∗
B).
4. DIRAC OPERATOR ALONG MAPS AND J -HOLOMORPHIC CURVES
Let (Σ, j, h) be a Riemann surface and (M,J, g, ω) a 2n-dimensional almost
Hermitian manifold with almost complex structure J , Riemannian metric g and
non-degenerate 2-form ω, related by
g(Jx, Jy) = g(x, y)
ω(x, y) = g(Jx, y) ∀x, y ∈ TM.
We consider π : TM →M as a complex vector bundle with
ix = Jx ∀x ∈ TM
and Hermitian bundle metric
〈x, y〉 = g(x, y) + iω(x, y) ∀x, y ∈ TM,
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with
〈x, Jy〉 = i〈x, y〉 = −〈Jx, y〉.
We fix a Hermitian connection ∇M on TM , i.e. an affine connection such that
∇Mg = 0 and∇MJ = 0. For a general almost Hermitian manifold the connection
∇M has non-zero torsion. The Hermitian connection ∇M can be chosen torsion-
free, hence equal to the Levi–Civita connection ∇g of g, if and only if (M,J, g, ω)
is Ka¨hler.
Let f : Σ→M be a smooth map and consider the pullback
f∗TM −→ Σ
of the tangent bundle TM , defined by
f∗TM = {(z, v) ∈ Σ× TM | f(z) = π(v)} pr1−→ Σ.
This is a complex vector bundle on Σ of rank n with an induced Hermitian metric,
also denoted by 〈· , ·〉. If X is vector field onM , then the pullback
f∗X : Σ −→ f∗TM
z 7−→ X(f(z))
is a section of f∗TM . The section f∗X describes infinitesimal smooth deforma-
tions of the map f : Σ → M . There is a unique Hermitian connection ∇f on
f∗TM so that
∇fV (f∗X) = f∗(∇Mdf(V )X) ∀X ∈ X(M), V ∈ TΣ.
Definition 4.1. We consider the twisted spinor bundle Sc⊗f∗TM onΣwith Weyl
spinor bundles
Sc+ ⊗ f∗TM = C⊗ f∗TM = f∗TM
Sc− ⊗ f∗TM = K−1 ⊗ f∗TM.
The connections∇h and∇f define a Hermitian connection on Sc⊗f∗TM , also
denoted by ∇f .
Definition 4.2 (cf. [9]). The associated twisted Dirac operator
Df : Γ(Sc± ⊗ f∗TM) −→ Γ(Sc∓ ⊗ f∗TM)
ψ 7−→
2∑
α=1
eα · ∇feαψ
is called the Dirac operator along the map f .
Since the connection∇f on the twisted spinor bundle is obtained from the Levi–
Civita connection ∇h on Σ, the Dirac operator Df is formally self-adjoint. There
is also a Dolbeault-type operator
∂¯∇f = ∇f(0,1) : Γ(f∗TM) −→ Ω0,1(f∗TM)
ψ 7−→ 1
2
(∇fψ + J ◦ ∇fψ ◦ j)
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with formal adjoint
∂¯∗
∇f
: Ω0,1(f∗TM) −→ Γ(f∗TM).
We can now prove Proposition 1.1.
Proof. Let ψ ∈ Γ(f∗TM). Then
Dfψ = e1 · ∇fe1ψ + e2 · ∇fe2ψ
= (∇fe1ψ + i∇fe2ψ)κ¯
= 2(∂¯∇fψ)(e1)κ¯
=
√
2∂¯∇fψ.
This implies the claim, because the Dirac operator Df is formally self-adjoint. 
Recall that a J-holomorphic curve is a smooth map f : Σ→M such that
df ◦ j = J ◦ df,
where
df : TΣ −→ TM
is the differential. With the non-linear Cauchy–Riemann operator
∂¯Jf =
1
2
(df + J ◦ df ◦ j),
the map f is a J-holomorphic curve if and only if
∂¯Jf = 0.
Corollary 4.3. Suppose that (M,J, g, ω) is Ka¨hler, ∇M = ∇g the Levi–Civita
connection and f : Σ→M a J-holomorphic curve.
(1) f∗TM is a holomorphic vector bundle over Σ.
(2) ∂¯∇f is equal to the linearization Df ∂¯J of the non-linear Cauchy–Riemann
operator ∂¯J in f .
(3) The kernel of Df is given by
kerDf = ker ∂¯∇f ⊕ ker ∂¯∗∇f
∼= H0,0(Σ, f∗TM)⊕H0,1(Σ, f∗TM)
= kerDf ∂¯J ⊕ cokerDf ∂¯J .
Proof. The claim in (2) follows from [21, p. 28]. For the formula in (3), note that
ker ∂¯∇f = H
0,0(Σ, f∗TM)
coker ∂¯∇f = H
0,1(Σ, f∗TM).

Remark 4.4. For a non-integrable almost complex structure J , the operators ∂¯∇f
and Df ∂¯J differ by an operator of order 0, cf. [21, p. 28].
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Remark 4.5 (cf. [21], [22], [25]). For an arbitrary smooth map f : Σ → TM ,
sections of Sc+⊗ f∗TM = f∗TM correspond to infinitesimal deformations of f .
Suppose that f is J-holomorphic. Then elements of
DefJ(f) = kerDf ∂¯J
correspond to infinitesimal deformations of f through J-holomorphic curves. The
vector space
ObsJ(f) = cokerDf ∂¯J
is called the obstruction space. If ObsJ(f) = 0, i.e. Df ∂¯J is surjective, the pair
(f, J) is called regular.
If (f, J) is regular, then (f ′, J) is regular for all J-holomorphic curves f ′ : Σ→
M in a small neighbourhood of f (inside the space of all smooth maps Σ → M ).
It follows that the local moduli space, i.e. the set of all J-holomorphic curves f ′
near f , is a smooth manifold of real dimension 2indCD
f with tangent space in f
given by DefJ(f).
Remark 4.6. For a twisted Spinc-structure Sc ⊗ L with complex line bundle L→
Σ, as in Remark 3.3, we can consider the spinor bundle Sc ⊗ L ⊗ f∗TM . The
choice of a Hermitian connection B on L then defines a connection ∇f⊗B on
Sc ⊗ L⊗ f∗TM with Dirac operator
D
f
B : Γ(S
c ⊗ L⊗ f∗TM) −→ Γ(Sc ⊗ L⊗ f∗TM)
given by
D
f
B =
√
2(∂¯∇f⊗B + ∂¯
∗
∇f⊗B
),
where
∂¯∇f⊗B : Γ(L⊗ f∗TM) −→ Ω0,1(L⊗ f∗TM)
ψ 7−→ 1
2
(∇f⊗Bψ + J ◦ ∇f⊗Bψ ◦ j).
5. THE CURVATURE TERM R(f, ψ)
Let (Σ, j, h) be a Riemann surface, (M,J, g, ω) a 2n-dimensional almost Her-
mitian manifold with Hermitian connection ∇M and f : Σ → M a smooth map.
We denote by
R : TM × TM × TM −→ TM
the curvature tensor of the affine connection∇M , where we use the sign convention
R(X,Y )Z = ∇MX∇MY Z −∇MY ∇MX Z −∇M[X,Y ]Z ∀X,Y,Z ∈ X(M).
There are induced maps
TM × f∗TM −→ T ∗M × f∗TM
(X, f∗Z) 7−→ f∗(R(X, ·)Z)
and
TM × (Sc ⊗ f∗TM) −→ T ∗Σ× (Sc ⊗ f∗TM)
(X,φ ⊗ f∗Z) 7−→ φ⊗ f∗(R(X, df(·))Z).
12 M. J. D. HAMILTON
Composing with Clifford multiplication
γ : T ∗Σ× Sc −→ Sc
we get the map
Rf : TM × (Sc ⊗ f∗TM) −→ Sc ⊗ f∗TM
(X,ψ) 7−→ Rf (X,ψ).
Definition 5.1. We define
R(f, ·) : Sc ⊗ f∗TM −→ f∗TM
ψ 7−→ R(f, ψ)
by
g(R(f, ψ), f∗X) = 1
2
〈ψ,Rf (X,ψ)〉 ∀f∗X ∈ f∗TM.
Let {yk} be a (real) local orthonormal frame of TM on an open subset U ⊂M .
It pulls back to a local orthonormal frame {f∗yk} of f∗TM over U˜ = f−1(U)
and every twisted spinor ψ ∈ Γ(U˜ , Sc ⊗ f∗TM) can be decomposed as
ψ =
2n∑
k=1
ψk ⊗ f∗yk,
with spinors ψk ∈ Γ(U˜ , Sc). With the components of the curvature tensor R
2n∑
i=1
Rijmlyi = R(ym, yl)yj
and a local orthonormal frame {e1, e2} on U˜ we have
Rf (X,ψ) =
∑
i,j,m,l,α
RijmlXmdf(eα)leα · ψj ⊗ f∗yi
and then obtain the original formula for the definition of the curvature term R in
[9]1:
R(f, ψ) = 1
2
∑
i,j,m,l,α
Rijmldf(eα)l〈ψi, eα · ψj〉f∗ym.
Lemma 5.2. Let f : Σ→M be J-holomorphic. Then
R(f, ψ) = 0 ∀ψ ∈ Γ(Sc ⊗ f∗TM).
1The formula in [9] follows with the symmetry Rijml = Rmlij of the curvature tensor R for the
Levi–Civita connection ∇M = ∇g .
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Proof. Suppose that ψ+j ∈ Γ(U˜ ,C). Then
2∑
α=1
df(eα)leα · ψ+j = df(e1)le1 · ψ+j + df(e2)le2 · ψ+j
= (df(e1)l + idf(e2)l)κ¯ψ
+
j
= 2g((∂¯Jf)(e1), yl)κ¯ψ
+
j
= 0.
Let ψi, ψj ∈ Γ(U˜ , Sc) and decompose into positive and negative Weyl spinors
ψ±i , ψ
±
j . Since Clifford multiplication with a vector in TΣ is skew-symmetric with
respect to the bundle metric 〈· , ·〉 on Sc and exchanges the orthogonal subbundles
Sc+ and Sc−, we get
〈ψi, eα · ψj〉 = 〈ψ−i , eα · ψ+j 〉+ 〈ψ+i , eα · ψ−j 〉
= 〈ψ−i , eα · ψ+j 〉 − 〈eα · ψ+i , ψ−j 〉.
Note that df(eα)l ∈ C∞(U˜ ,R). Hence
2∑
α=1
df(eα)l〈ψi, eα · ψj〉 = 0
by the calculation above. This implies the claim. 
6. DIRAC-HARMONIC MAPS TO KA¨HLER MANIFOLDS
We restrict from now on to the case that the target manifold (M,J, g, ω) is
Ka¨hler and ∇M = ∇g the Levi–Civita connection.
Definition 6.1 (cf. [12]). Let f : Σ → M be a smooth map. The Dirichlet energy
functional is defined by
L[f ] =
1
2
∫
Σ
|df |2 dvolh.
The differential df can be considered as an element of Ω1(f∗TM). The tension
field of f is defined by
τ(f) = trh(∇fdf) ∈ Γ(f∗TM),
where h is the Riemannian metric on Σ.
Definition 6.2 (cf. [9]). Let f : Σ→M be a smooth map and ψ ∈ Γ(Sc⊗f∗TM)
a twisted spinor. Then (f, ψ) is called a Dirac-harmonic map if it is a critical point
of the fermionic action functional
L[f, ψ] =
1
2
∫
Σ
(
|df |2 + 〈ψ,Dfψ〉
)
dvolh.
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The same proof as in [9, Proposition 2.1] for spin structures shows that a pair (f, ψ)
is a Dirac-harmonic map if and only if it satisfies the Euler–Lagrange equations
τ(f) = R(f, ψ)
Dfψ = 0.
(6.1)
Definition 6.3. For A ∈ H2(M ;Z) let
XA = Map(Σ,M ;A)
be the set of all smooth maps f : Σ→ M with f∗[Σ] = A, where [Σ] ∈ H2(Σ;Z)
is the generator determined by the complex orientation of Σ.
Lemma 6.4. The absolute minima of the Dirichlet energy L[f ] on XA are given
by the J-holomorphic curves f with f∗[Σ] = A. These maps are harmonic and
satisfy τ(f) = 0. The Dirichlet energy of a J-holomorphic curve f has value
L[f ] = 〈ω, [A]〉,
where ω is the Ka¨hler form onM .
Proof. This is proved in [22, Lemma 2.2.1] (note that deformations of f do not
change the integral homology class f∗[Σ]). The equation τ(f) = 0 for critical
points f of the Dirichlet energy follows, because ∇M = ∇g is the Levi–Civita
connection of g. 
We now prove Theorem 1.2.
Proof. For the first claim, let f : Σ → M be J-holomorphic. Lemma 6.4 implies
that τ(f) = 0 and Lemma 5.2 shows thatR(f, ψ) = 0 for all ψ ∈ Γ(Sc⊗f∗TM).
Hence the coupled equations (6.1) for Dirac-harmonic maps reduce toDfψ = 0.
The claim for the kernel of Df and its index follows from Corollary 4.3. See
Remark 4.5 for the definition of the deformation space DefJ(f) and obstruction
space ObsJ(f). 
Remark 6.5. A Dirac-harmonic map (f, ψ) whose underlying map f is harmonic
is called uncoupled in [2]. The Dirac-harmonic maps (f, ψ) in Theorem 1.2 are
characterized among all Dirac-harmonic maps by having minimal bosonic energy
L[f ] in their homology class A.
Remark 6.6. More generally, [22, Lemma 2.2.1] shows that J-holomorphic maps
from closed Riemann surfaces to almost Ka¨hler manifolds are local minima of the
Dirichlet energy functional, hence harmonic maps. However, if ∇M has torsion,
the equation τ(f) = 0 does not necessarily follow. Dirac-harmonic maps for
connections ∇M on the target manifold with torsion have been discussed in [6].
Example 6.7. Suppose that (M,J, g, ω) is a Calabi–Yau manifold of complex di-
mension n, hence c1(TM) = 0, and f : CP
1 → M is a J-holomorphic sphere.
Then the vector space kerDf of spinors ψ so that (f, ψ) is Dirac-harmonic is a
complex vector space of dimension at least n, with equality if and only if (f, J)
is regular. In this case the vector space kerDf is the tangent space DefJ(f) in f
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of the local moduli space of J-holomorphic spheres (compare with [16, Remark
2.4]).
Definition 6.8. For a class A ∈ H2(M ;Z) we denote byM(A, J) the space of all
J-holomorphic curves f : Σ→M with f∗[Σ] = A.
Corollary 1.3 follows, because under the assumptions TfM(A, J) = kerDf ∂¯J
for all f ∈M(A, J) (cf. Remark 4.5).
Example 6.9. Suppose that (M,J, g, ω) is a Ka¨hler surface and f : CP1 →M an
embedded J-holomorphic sphere representing a class A of self-intersection A2 =
A · A ≥ −1. Then f ′ is an embedding and (f ′, J) is regular for all f ′ ∈ M(A, J)
(see [21, Corollary 3.5.4]). By the adjunction formula
−2 = A2 − c1(A),
hence M(A, J) is a smooth manifold of real dimension 8 + 2A2 ≥ 6. The tan-
gent bundle TM(A, J) is a complex vector bundle and consists of Dirac-harmonic
maps.
We consider the following generalization: Let L → Σ be a holomorphic Her-
mitian line bundle with Chern connection ∇ and Dolbeault operator
∂¯ = ∂¯∇ : Γ(L) −→ Ω0,1(L).
Then sc ⊗ L is a Spinc-structure with holomorphic spinor bundles
Sc+ ⊗ L = L
Sc− ⊗ L = K−1 ⊗ L
and Dolbeault–Dirac operator
D =
√
2(∂¯ + ∂¯∗) : Γ(Sc± ⊗ L) −→ Γ(Sc∓ ⊗ L).
Lemma 6.10. Let f : Σ→M be a smooth map. The twisted Dirac operator
Df : Γ(Sc± ⊗ L⊗ f∗TM) −→ Γ(Sc∓ ⊗ L⊗ f∗TM)
is equal to √
2(∂¯∇f + ∂¯
∗
∇f
).
In this situation we can define Dirac-harmonic maps (f, ψ) as solutions of the
analogue of the system of equations (6.1). As before, τ(f) = 0 = R(f, ψ) if f is
J-holomorphic, thus:
Corollary 6.11. Let f : Σ→M be a J-holomorphic curve with A = f∗[Σ]. Then
(f, ψ) with ψ ∈ Γ(Sc ⊗ L ⊗ f∗TM) is a Dirac-harmonic map if and only if
ψ ∈ kerDf . We have
dimC kerD
f ≥ indCDf = n(1− gΣ) + nc1(L) + c1(A),
where we write c1(L) for 〈c1(L), [Σ]〉. In particular, for c1(L) > 0 sufficiently
large (and n > 0), there always exists a spinor ψ 6= 0, so that (f, ψ) is a Dirac-
harmonic map.
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Remark 6.12. A Dirac-harmonic map (f, ψ), where f is a J-holomorphic curve
and ψ ∈ ker ∂¯∇f , is a (∇g, J)-holomorphic supercurve as studied in [16], cf. also
[14].
Example 6.13. Consider again the situation in Example 6.9 of a Ka¨hler surface
(M,J, g, ω) with an embedded J-holomorphic sphere f : CP1 → M of self-
intersection A2 = A ·A ≥ −1 and smooth moduli spaceM(A, J).
Let L→ Σ be a holomorphic line bundle with c1(L) > 0. Then
c1(L⊗ f∗TM) = 2c1(L) + c1(A) ≥ 3
and the arguments in [21, Section 3.5] using the Kodaira vanishing theorem show
that coker ∂¯∇f = 0. Hence the complex vector space kerD
f = ker ∂¯∇f has
constant dimension
dimC kerD
f = 4 +A2 + 2c1(L)
for all f ∈M(A, J).
There is a complex vector bundle over the infinite-dimensional manifold XA
from Definition 6.3 with fibre Γ(L ⊗ f∗TM) over f ∈ XA. Since M(A, J) is a
submanifold of XA, it follows that the subset of Dirac-harmonic maps (f, ψ) with
f ∈ M(A, J), ψ ∈ ker ∂¯∇f ⊂ Γ(L⊗ f∗TM)
is a smooth complex vector bundle E overM(A, J) of rank
rkCE = 4 +A
2 + 2c1(L).
In particular, for L = K⊗(−q) with integers q ≥ 1, we have c1(L) = 2q and the
complex vector bundle E overM(A, J) of Dirac-harmonic maps has rank
rkCE = 4 +A
2 + 4q,
which becomes arbitrarily large for q ≫ 1.
Example 6.14. Let s be a spin structure on Σ and L = K
1
2 the associated holo-
morphic square root of the canonical bundle K . Then S ∼= Sc ⊗K 12 is the spinor
bundle of s with spin Dirac operator D =
√
2(∂¯ + ∂¯∗) (cf. [17]) and
indCD
f = c1(A).
For a J-holomorphic curve f : Σ → M and spinor ψ ∈ Γ(S ⊗ f∗TM) the pair
(f, ψ) is Dirac-harmonic if and only if ψ ∈ kerDf where
dimC kerD
f ≥ c1(A).
A related result has been obtained in [24, Corollary 3.4]. In particular, if M is a
Fano manifold and A 6= 0, then dimC kerDf > 0.
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